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Abstract. The aim of this paper is to compute congruence relations on units in 
fields generated by adjoining torsion points of a CM abelian variety to a number field. 
For elliptic curves, congruence relations of the form we compute were an important 
ingredient in the early proofs of the Coates- Wiles theorem. In general, we compute 
congruence relations on exterior products of units in division fields, which more natu- 
rally fit into the framework of Rubin's generalization of Stark's conjecture. 



Introduction 

Let E be an elliptic curve defined over F with complex multiplication by the ring of in- 
tegers of an imaginary quadratic extension K of Q, where F is either K or Q. In [CW77J, 
Coates and Wiles proved that if E(K) has positive rank then the Hasse-Weil L-series 
L(E/F,s) vanishes at s — 1. (In Rubin's important work on Tate-Shafarevich groups, 
he determined bounds on Selmer groups, which yield another proof of the Coates- Wiles 
theorem |Rub87j .) 



Coates and Wiles used formal groups and Iwasawa-theoretic techniques to relate 
elliptic units with special values of L(E/F,s). Using more classical techniques, Stark 
and Gupta were able to give a proof of the Coates- Wiles theorem for elliptic curves 
defined over Q |Sta83| Cup85| . The proofs utilize different techniques, but both include 



many of the same ideas. 

Specifically, let E be an elliptic curve defined over Q with complex multiplication 
(CM) by the ring of integers of an imaginary quadratic extension K of Q (so necessarily 
of class number one). Let p = (tt) be one of infinitely many suitably chosen primes of 
K , and K n the field of 7r n -division values of E (i.e., the finite extension of K obtained 
by adjoining all the 7r n -torsion of E to K). Then there exists a unique prime p n of K n 
lying over p. Fix a point Q G E(Q) \ ttE(Q) of infinite order and let L n be the field of 
p n -division values of Q, i.e., L n = K n (-^Q). 

Gupta showed there exists a positive integer e such that the conductor of the field 
extension L e /K e is pi, and then by class field theory all units of K e congruent to 
1 mod p e are also congruent to 1 mod pg. Both Coates and Wiles and Gupta used 
a congruence relation of this form to show that tt\L(E/Q,1), and hence L(E/Q, 1) 
vanishes. 

The goal of this paper is to compute conductors and congruence relations on units 
for CM abelian varieties paralleling the work of Gupta for CM elliptic curves. In par- 
ticular, let A be an abelian variety of dimension g defined over a Galois number field 
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K with complex multiplication by the ring of integers of K (with the degree 2g over 
Q). Furthermore let p be a prime of K lying over the odd rational prime p, and assume 
that both p splits completely in K and A has good reduction at all primes lying over p. 
Then we describe congruence relations on units of K n , the extension of K generated by 
the p"-torsion points of A. For abelian surfaces, Grant described congruence relations 
on units similar to those of Gupta (see |Gra88j ). but additional progress was stymied 
by the lack of understanding and construction of "abelian units" to parallel the theory 
of elliptic units. Moreover, it seems to be a difficult problem to come up with a general 
theory of abelian units. 

Since we require that p splits completely, the field extensions K n /K can be shown 
to have degree p n ~ l (p — 1) and to be totally ramified at half of the primes of K lying 
above p and unramified at the other half (which primes ramify depends upon p and the 
"CM type" of A). We fix a point Q G A(K) \ pA(K) of infinite order and construct 
field extensions L n = K n (-^Q), the field of p "-division values of Q. We are able to show 
that there exists a positive integer e such that L n /K n is unramified for 1 < n < e, but 
L e /K e is ramified. Then using properties of formal groups, we are able to compute the 
conductor of L e /K e . 

Theorem 1. There exists a set (£ of at least one and at most g primes of K e lying over 
p such that the conductor of L e /K e is n<p e ee ^Pe- 
lf <£ is composed of a lone prime, then we have computed a conductor exactly as in 
the work of Gupta and of Grant Gup85 IGra88] . In this case, we will have the same 
type of congruence relations on units of K e . If on the other hand (E is composed of more 
than one prime, say #(£) = s > 1, we have a congruence relation on exterior products 
of units of K e . 

Theorem 2. Let u±, . . . ,u s be units of K e , which are congruent to 1 mod Y[<p gg^Pe- 
Then U\ A • • • A u s is trivial mod n«p e ee^Pe- 

This fits more naturally into the framework of Rubin's generalization of Stark's conjec- 
ture |Rub961 FSta80j . Stark's conjecture is a generalization of the class number formula, 
which relates the arithmetic of number fields to special values of Artin L-series. For 
example, let F/E be a finite abelian extension of number fields and x a character on 
G = Gal(F/E). Let S be a finite set of primes of E including the archimedian primes, 
the primes which ramify in F, and a set of r primes which split completely in F. Stark's 
conjecture relates the lead term of the Taylor expansion of the Artin L-series L(s, x) 
at s = to the determinant of an r x r matrix whose entries are linear combinations 
of logarithms of absolute values of S-units in F (i.e., units locally at all primes not in 
S). For r = 1, Stark gave the following refined conjecture. Let be any prime of F 
sitting over the designated prime of S. Then there exists an S-unit e\ such that for all 
characters x on G 

L'(0,x) = -— Ex(7)log|7(ei; 



When F = Q or an imaginary quadratic extension of Q, Stark was able to use proper- 
ties of cyclotomic and elliptic units, respectively, to prove his refined conjecture [S*ta80j. 
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For r > 1, Rubin gave a generalized refined Stark's conjecture, which conjectured a re- 
lation between exterior products of S-units and the lead term in the Taylor expansion of 
L(s, x) at s = [Rub96 . Rubin's conjecture relates an entry in a lattice of Q ® f\ r U S , T 
to the rth derivative at s = of L(s, x), where Us,t is a specific subgroup of the group 
of S'-units, depending upon an auxiliary, finite set of primes T. 

Rubin's conjecture applied to K e /K should produce exterior products of "abelian 
S'-units" in K e . Outside of Rubin's original paper, the only direct evidence for Rubin's 
conjecture is given in |j[Tra99], which looks at exterior products of units arising from 
5-torsion on the Jacobian of y 2 = x 5 + 1/4. However, for g — 1, Stark further refined his 
conjecture so that the S-unit in K n relating to the L-series is actually a unit, and it was 
congruences on units, not the corresponding S'-units, that were employed in the proof of 
the Coates- Wiles theorem. These results led us to consider whether the existence of a 
point of infinite order in A{K) should force congruence conditions on exterior products 
of units in K e ; the result of which is Theorem El 

The first section of this paper fixes notation and assumptions about our abelian 
variety A and number field K. In the second section, we collect the information we 
need about formal groups attached to abelian varieties. Then we use properties of 
formal groups attached to abelian varieties in sections El and H] to describe properties of 
the field extensions K n /K and L n /K n , respectively. We prove Theorem [T] in sectional 
and Theorem El in section 

Most of the results of this paper were contained in the author's Ph.D. thesis, and the 
author would be remiss if he did not thank his advisor, David Grant, for his invaluable 
assistance. Also, the author would like to thank both Wolfgang Schmidt and the Pacific 
Institute for the Mathematical Sciences for their support during the writing of this 
paper. 

Notation. Let F/E be number fields, and q a prime of E. We let f(F/E) and D(F/E) 
denote the conductor and discriminant of F/E respectively. We let E denote an alge- 
braic closure of E, Oe the ring of integers of E, E q the completion of E at q, and (9 q 
the ring of integers of E q . 

1. The Setup 

We will use the terminology and results of the theory of complex multiplication as 
developed by Lang in |Lan83j for the results in this section. 



Throughout this paper, K will denote a number field of degree 2g over Q, which is 
both Galois and a CM field. Recall that K is a CM field if it is a totally imaginary 
quadratic extension of a totally real number field. Furthermore we assume that A is an 
abelian variety of dimension g with complex multiplication by the ring of integers of K. 
This means that we have an embedding 

i: K ^ End(A) ® Q = End Q (A) 

such that i(0 K ) = i(K) n End(A). 

The action of i on the tangent space of A determines a CM type $ = {0i, . . . , 
where fa, <pj are non-conjugate embeddings of K into C for 1 < i,j < g. 



4 



C. ROWE 



A CM abelian variety will be a pair (A, i). We say that (A, i) is defined over a number 
field K if both A and every element of End (A) are defined over K. Let K be a fixed 
algebraic closure of K. For a G Ok, we put [a] = i(a) : — > Therefore 

we have that cr([a]) = [cr(a)] for any a G Qsl(K/K). We let A[a) = ker[a] denote the 
a-torsion of A. 

Throughout this paper p will represent an odd rational prime such that (i) A has good 
reduction at all primes lying over p and (ii) p splits completely in K. Furthermore we 
fix a prime p of K such that p\p and an element ir G Ok such that ord p 7r = ord p 7r = 1 
(such a 7r exists by the Chinese remainder theorem since p splits completely). For ease 
of notation, we put pi = <f>i(p) for 1 < i < g and let S = {pi, . . . , p 9 }. 

Remark. The Jacobians of rational images of Fermat curves are a class of abelian vari- 
eties satisfying the assumptions of this section (see |Lan83j or |Shi98j for more details). 



2. Formal groups 

We need a variety of results on formal groups. We refer to Hazewinkel's excellent 
book jHaz78] as a general reference on formal groups and to Hindry and Silverman 
[HSOOJ for the construction of a formal group attached to an abelian variety and results 
on the kernel of reduction of A mod p. 

2.1. Basic Properties. Let R be a commutative ring with identity and let X = 
(Xi, . . . , X n Y, Y = (Yi,...,Y n Y, and Z = (Zi,...,Z n y be column vectors of vari- 
ables. We call an n-tuple of power series over R, F = (Fi, . . . , F n )' in 2n- variables an 
n-dimensional commutative formal group (law) over R if 

F(X,Y) =X + Y + (d° > 2), 

F(X, F(Y, Z)) = F(F(X, Y),Z), and 

F(X,Y) = F(Y,X), 

where (d° > m) denotes a n-tuple of power series, all of whose terms are of total degree 
at least m. 

If F and G are two n-dimensional formal groups defined over R. A homomorphism 
if : F — > G over R is a n-tuple of power series over R without constant terms such that 
<p(F(X,Y)) = G(<p(X),<p(Y)). A homomorphism is an isomorphism if it has a two- 
sided inverse. Let ip = (<pi, . . . , be a homomorphism from F to G. Suppose that 
the linear term of <fi(Xx, . . . , X n y is Y^j=i a ijXj- We call the matrix (o^) the jacobian 
of if, which we denote by j((p). The following is elementary. 

Lemma 2.1. A homomorphism ip between two n-dimensional formal groups defined 
over R is an isomorphism if and only if det(j(</?)) is a unit in R. 

Furthermore, we call two formal groups strictly isomorphic over R if there is an 
isomorphism (p over R such that j(<p) is the identity matrix. In [HSOO , Hindry and 
Silverman demonstrate how to construct a ^-dimensional commutative formal group 
J 7 , defined over K, associated to our g- dimensional abelian variety A defined over K. 
Moreover, T can be defined over Z p and, since p splits completely, we will show that 
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T is strictly isomorphic to a product of g one-dimensional formal groups defined over 
Z p of Lubin-Tate type. In order to do this, we need to formalize what we mean by a 
"product of formal groups" . 

Let F = (F\, . . . , F n Y, G = (Gi, . . . , G m Y be n and m-dimensional formal groups, 
respectively, defined over R. Let X = (X x , . . . , X n ) 1 and Y = (Yi, . . . , Y n y be n-tuples 
of variables such that F^X, Y) G R[[X, Y}} for 1 < % < n. Also let W = {W u . . . , W m Y 
and Z = (Zi,...,Z m Y be m-tuples of variables such that Gi(W,Z) G -R[[W, Z]] for 
1 < i < m. Then we can define an (m + n)-dimensional formal group H over R with 
Hi G R[[X, W, Y, Z\\ by putting 

Hi = Fi for 1 < i < n and 
H n+ i = Gi for 1 < i < m. 

Specifically, if Qi, . . . , Q g are one-dimensional commutative formal groups over R, then 
iterating the above construction gives us a ^-dimensional commutative formal group over 
R. Let Q be the formal group constructed in this manner, then we will call such a Q a 
product of one- dimensional commutative formal groups, and write Q = (£> 9 j =1 Gj- Let tpj 
be an endomorphism of Qj for 1 < j ' < g. Then it is easy to see that (p = (<pi, . . . , <p g y 
is an endomorphism of Q, which we will denote by (p — (B 9 j =1 <Pj- 

2.2. Properties of the Formal Group T Associated with A. Following Hindry 
and Silverman [HSOO , we associate to A a ^-dimensional commutative formal group T 
over K. Let O denote the origin of A, Oa the completed local ring at the origin of A, 
and n the maximal ideal of the local ring at the origin of A. Since A is nonsingular, there 
is an isomorphism Oa — K[[si, ■ ■ ■ , s g }}, where s%, . . . , s g G n are fixed local parameters 
on A at the origin. 

Next we consider the product A x A. Let Pi : A x A — > A be the projection onto the 
ith factor for i — 1, 2 and for local parameters at the point (O, O) G A x A we choose 
the functions x\, . . . ,x g ,yi, . . . ,y g , where Xi := Siop 1 and yi := Siop 2 . Let OaxA be the 
completed local ring at the origin of A x A. Then this choice determines an isomorphism 
OaxA = d A xd A ^ k[[x 1 ,...,x g ,y 1 ,...,y g }}. 

The morphism giving the group law on A, add : A x A — > A, induces a map of local 
rings add* : Oa — > OaxA and by the above isomorphisms, a map add* : k[[s\, . . . , s g )] — > 
k[[xi, . . . , x g , yi, . . . , y g ]} of formal power series rings. We let Ti = add*(sj), and T = 
(J^x, . . . , FgY . However the formal group T depends upon the choice of parameters 
S\i ■ ■ ■ , s g G n. Since A is defined over K and the determinant of a change of basis 
matrix of n/n 2 is a unit in K, Lemma f2.ll shows that all formal groups associated to A 
in this way are isomorphic over K. Since A has complex multiplication by Ok and K is 
Galois over Q, we are able to show that the formal group T possesses a "CM action". 

Lemma 2.2. There exist local parameters si, . . . , s g at the origin of A defined over K 
such that for any a G Ok 



[a]* Si := Si o [a] = 4>i(a)si + (d° > 2), in A - 



(1) 
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Proof. Let *p be a prime of K lying over p, then A has good reduction at *P by as- 
sumption. Let A denote the reduced abelian variety mod ^3, which is defined over 
K = Ok/^Ok-i and H°(A, fl) the space of holomorphic differentials of A. There exists 
a basis ui, . . . ,uj 9 of differentials defined over K such that [a]*uii := u>i o [a] = (pi(a)uji 
for all 1 < i < g and a G Ok- Indeed, this follows from |Shi98t pg. 99], since K/Q is 
Galois, the field of definition of (A, i) is K, and (A, i) has CM type (K, $). We will call 
such a basis a splitting basis for 

Since u; G H°(A, tt) is translation invariant, we can characterize a; by its representa- 
tion as a differential at the origin |S hi98| pg. 13]. Recall that n is the maximal ideal of 
the local ring at the origin of A, and let if> be the isomorphism n/n 2 = H°(A,Q) (see 
[Mil86 ), where r G n maps to the differential at the origin represented by dr. Now we 
pick aSjfn such that ip(Si) = u>i, and since if) commutes with endomorphisms of A 
jShi98l pg. 75], we have that [a]* Si = <pi(a)Si + (d° > 2). _ 

We still need to show that we can choose parameters defined over K. Since Gal(K/K) 
commutes with ip (see [Shi98 ), we see that a (Si) = Si mod n 2 for all a G Gal(K/ K). 
If we let E = K(Si), then E/K is a finite Galois extension. Now we set s« = 
(\ / \Ga\(E / K)\) J2r€Ga,i(E/K) T (^i)^ w hich gives us the desired parameters, now defined 
over K. □ 

By Lemma 12721 we can define ([a]^)i(si, . . . , s g ) := [a]*Si G if[[si, • • • , s g ]] for any 
a G Ok- Then the map a t— * [a]? = (([a]jr)i, . . . , gives an embedding of Ok 

into the endomorphism ring of T. Next we show that T and [a]jp are actually defined 
over 0^. 

Lemma 2.3. There exist local paramaters Si,...,s g at the origin of A such that JF 
is defined over Ok and [a]r is a g-tuple of power series in Ok[[sx, ■ ■ ■ , s g }} for every 
a G Ok- Moreover, if s = (s±, . . . , s s )* then 

([a]^s)i = ( f) l (a)s i + (d >2). 

Proof. Let *P be a prime of lying over p. In the proof of Lemma I2.2[ we saw that 
there exists a splitting basis uii, . . . , u g for H°(A, Q), where the u>i are defined over K. 

For to G H°(A,Q), a suitable multiple of u will reduce to a non-zero differential on 
A |Shi98t pg. 80]. When ui reduces to a non-zero differential on A, we let u denote the 
reduced differential. After multiplication by a suitable multiple a« G K, aZfuJi is non-zero 
and defined. If we rename as u>i, then the (new) Ui form a basis for H°(A, Q) such 
that [at]*u)i = <f>i(a)uJi, and hence the CM action is preserved. 

Let if) be the isomorphism between n/n 2 and H°(A, Q) given in the proof of Lemma 
12.21 and s\, . . . , s g be local parameters at the origin of A over K such that ip(si) = u>i. 
Since p is unramified in K by assumption, the aJj form a basis for i?°(v4, Q) [Shi98 , pg. 
99]. Since if) commutes with the reduction map mod ^3, letting si be the reduction of 
Si, the Si form a set of parameters at the origin of A. Since A has good reduction at ^3, 
the addition map on A reduces to the addition map on A. Therefore we can construct 
a formal group on the reduced abelian variety coming from the parameters s{, . . . , Sg, 
which will yield power series Fi G (Ok/^Ok) [[Xl, • • • , X g , Yi, . . . , Y g ]]. By construction, 
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add*Si = add*Si, so the formal group T defined by s\, . . . , s g over K reduces mod ^3 to 
% = Fi. Therefore G O k [[X u . . . , X g , Y u . . . , Y g ]]. 

Since endomorphisms of A reduce to endomorphisms of A, endomorphisms of T 
reduce to endomorphisms of T . Indeed, [a]*Si = [a] si (see |Shi98t pg. 75]), and so we 
must have [a]*Si G 0r:[[si, . . . , s g ]]. □ 
Remarks. 

(1) For a CM elliptic curve, the CM type is usually taken to consist of the identity, 
so the CM action is trivial. 

(2) We will use this CM action to determine which primes ramify. (We became 
aware of this use of the CM action in [Ora96 .) 

Let & K = • • • , (J)' 1 }, then (K, & K ) is a CM type |Lan83[ pg. 62]. Let (x) = 
rLe$' (fifa) for x E K and extend N^> this to ideals of K in the usual way. Let *}3 be 
a prime of K lying over p, then A has good reduction at ^3 by assumption. Since A has 
principal complex multiplication by K, there exists an element a«p G Ok such that [a«p] 
reduces to the Frobenius endomorphism mod ^3 (i.e., the endomorphism x i— > x N ^ on 
A) |Lan831 pg. 61]. 

Lemma 2.4. Let ^ be a prime of K lying over p, and a<$ the element of Ok which 
reduces to the Frobenius mod Then asp has ideal decomposition in K given by 

(a^) = N^) = f[^\^). (2) 
Moreover, ord p a<p = 1 if and only ifty is also in S . 

Proof. The left hand equality in (J2J) is just |Lan831 pg. 88] and the right hand equality 
comes from the definition of N^> . Since p splits completely and K/Q is Galois, the 

0J 1 (*P) are distinct primes lying over p. On the one hand, if ^3 = pi for some 1 < % < g, 
then i _1 (0j(p)) = p is a term in the product. On the other hand, if *#\p, but ^3^5, 
then p ^ (pj 1 ^) for any 1 < j < g. □ 

2.3. The Kernel of Reduction. Fix a prime ^3 of K lying over p. By base extension, 
we consider T defined over C?$p. Let L be a finite extension of f^, 0^ its ring of integers, 
and m its maximal ideal. By assumption, A considered over Ol has good reduction 
at m, so we let A denotes the reduced abelian variety mod m, which is defined over 
L = Ol/xtiOl. We define the kernel of reduction of A mod m by 

A°(L) := ker {a(L) ^ A(L) } . (3) 

Now consider X, Y G m 9 = m x • • • x m. Then J-i(X, Y) will converge in Ol- Indeed, 
is a complete local ring, and T is defined over 0°$ C Ol- Thus the formal group 
T defines a group structure on m 9 . Let F(m) be the set of g-tuples m 9 with the group 
law 

m 9 x m 9 ±Z> m 9 , given by X + r Y := F{X, Y). (4) 
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This gives us the following isomorphism 

A°(L) ~ JF(m), (5) 

given by A°(L) 3 R h-> ( Sl (R), . . . , s g (R)) G m 9 [ITSOOl Thm. C.2.6]. 

Now let K?p be a fixed algebraic closure of with valuation ring O and maximal 
ideal Ai. Although K<p is not complete, each of its elements lives in a finite extension 
of K<p. So we extend +^ to Ai 9 and identify -^(-M) with A°{K^) (defined analogously 
to ((21)). By Lemma [2.31 [a]jr is an endomorphism of JF for every a G (9^. For a G O/c, 
we define the a-torsion of T to be jF[a] = ker{[a]jr : T{M) — > JF(A^)}, and for any 
ideal a G Ok, we define jF[a] = fl QGa jF[a] to be the a-torsion of T . 

Lemma 2.5. 

(i) J-'(Ai) has no torsion relatively prime to p. 

(ii) A[p n ] is in the kernel of reduction mod Ai if and only iftyES. 

Proof, (i) This is Proposition C.2.5 of HSOOj. 

(ii) On the one hand, if ^ S then [vr™]^ is an endomorphism of T . So by Lemma 
12.11 the determinant of the jacobian of \^ n \r is det(j([7r]^-)) = Yi 9 j=i4 ) j( 7! ' n )- As in 
the proof of Lemma I2~H we see that ordspdet(j([7r n ]jF)) = and therefore ii\^ n ]r) is 
invertible. Hence [vr n ]jr is an automorphism of ^(Ai), so T{Ai) can have no 7r n -torsion. 
By definition, -Ffp™] C JF[7r n ], and the result follows. 

On the other hand, if ^3 G S and asp is the element of Ok which reduces to the 
Frobenius mod ^3. Now [a^] is a purely inseparable morphism, so ^4[a«p] = O. There- 
fore ^4[a£p] is in the kernel of reduction mod ^3. Basic facts about torsion groups and 
Lemma give that A[a$p] = A[p n ] © A [a] for some integral ideal a of K. Hence A[p n ] 
is in the kernel of reduction mod *}3. □ 

Corollary 2.6. Let *}3 G S and consider T defined over O^. Then we can identify 
A[p n ] mthJ=\v n \. 

Proof. Lemma 12.51 allows us to identify A[p n ] with and we know that -F[p"] C 

.F[7r n ]. Also, the ideal p n is generated by 7r n and p for m > n. We take m to be a 
multiple of the class number of K, so that p = (7) for some 7 G Ok- Then 7r = 7$ 
with 5 relatively prime to p by our choice of 7r, so [5] is an automorphism of T over 0<^. 
Therefore F[p] = and hence F[p n ] = F[p] n F[v n ] = F[k] n ^[vr™] = F[n n ]. □ 

2.4. A Product of Formal Groups. Now we will construct a formal group Q strictly 
isomorphic to T over 0<$ for (fixed) *}3 G S, where Q is the product of one-dimensional 
Lubin-Tate formal groups. This added structure will be very useful in what follows. 
In order to show that T is isomorphic to a product of one-dimensional formal groups, 
we need to recall the properties of higher-dimensional Lubin-Tate formal groups (see 
jHazTHJ). 

Remark. In [dS87j, de Shalit gave a short proof of this decomposition using the theory 
of p-divisible groups. However, we need to be careful to show that this isomorphism 
preserves the CM action as given by Lemma [2.31 and we could not find this anywhere 
in the literature. 
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Let 7r<p be a prime element of 0<p, i.e., (7i~fp) = ^}3(9«p. Let M be a g x g matrix such 
that n^M is an invertible matrix with entries in 0<p. We let Em denote the set of all 
^-tuples of power series d(X) in X = (X±, . . . , X g ) 1 such that 

d(X) = MX + (d° > 2), d{X) =X p mod (tt<p). (6) 

Then the following is |Haz78| Thm. 13.3.3] adapted to our assumptions. 

Lemma 2.7. For each d(X) G ^Af, i/iere zs precisely one g- dimensional formal group 
F d (X,Y) over O v such that F d (d{X),d{Y)) = d(F d (X,Y)), so d e End(F d ). // 
d(X),d(X) G Em, then F d (X,Y) and F^(X, Y ) are strictly isomorphic over 0<$. 

For g = 1, a formal group satisfying Lemma f2. 71 is called a Lubin-Tate formal group, 
and hence is commutative |LT65j . For g > 1, we call a formal group F with an endo- 
morphism d as in © a higher dimensional Lubin- Tate formal group. 

For the rest of this section, fix an i with 1 < i < g. Then we let *}3 = <pi{p), a«p G Ok 
be such that [a$p] reduces to the Frobenius mod ^3 and s = (si, . . . , s s )* represent 
local parameters over at the origin of A which are parameters for a g- dimensional 
commutative formal group T over (9<p with CM action as in Lemma 12.31 It will be 
useful to recall that p splits completely and ir G Ok such that ord p 7r = ord p 7r = 1. 

Lemma 2.8. J 7 is a higher dimensional Lubin-Tate formal group defined over 0<$ = Z p . 

Proof. By Lemma l2.3| we have that [a«p]*Sj = (f)j(a<p)Sj + (d° > 2). But by Lemma 
El (a«p) = IlLi^fc 1 ^)' so y exactly divides 0j(a«p) for all I < j < g. Let M be 
the diagonal matrix whose ith diagonal entry is given by the coefficient of the linear 
term of [o!«p]*Sj for each 1 < j < g, i.e., M = diag(0i(a<p), . . . , </> ff (a«p)). Let 7r<p be 
chosen by the Chinese Remainder Theorem such that ^3 exactly divides (7Tsp) and no 
other conjugate of ^3 divides (7r«p). Then we can write 0j(a$p) = 7i<$Uj with Uj G Ok 
and Uj relatively prime to ^3, and hence M = 7Tspdiag(wi, . . . , u g ). The Uj are units in 
0«p, so n^M is an invertible matrix. Then we have, by the definition of the Frobenius 
and since ^3 is a first degree prime, 

[a v ]r(s) = Ms + {d° > 2), [a^{s) = s p mod (ir v ). 

Hence [a«p]^ g Em, and T is a higher dimensional Lubin-Tate formal group. □ 

Now we are in a position to decompose T into a product of one-dimensional formal 
groups over *}3. 

Proposition 2.9. Let everything be as in Lemma \2. <jfl 

(i) T is strictly isomorphic to a product of g one-dimensional commutative formal 
groups of Lubin-Tate type defined over 0<$, say Q = @ 9 = \Gj, where Q is given 
by paramaters t = . . . , t g Y . 

(ii) For each 1 < j < g, there is an embedding of Ok into End(^j) given by a i— > 
[a\g j; where [ct]g j = atj + (d° > 2)(t,). Then we have an embedding Ok into 
End(^) given by a t— > ® 9 j = i[4>j{. a )\g ] - Moreover, we can identify Q[a) with J 7 [a] 
for all a G Ok- 

(hi) Let Hi = 0i(7r) ; then ord<p7Tj = 1 and A[p n ] can be identified with Qi[irf]. 
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Proof, (i) Let M = diag(0i(a<p), . . . , <fi g (a<$)) and 7r<p be as in the proof of Lemma EH1 
then M = 7r«pdiag(«i, . . . , u g ), where [aspj^-s = Ms + (d° > 2) with [otqjjjr G £m- 

Now let d{t) = (di(ti), . . . , d g (t g )Y, where = ityUjtj + t^. Then d{t) G £m by 

construction, and hence, by Lemma T2. 71 there exists precisely one (/-dimensional formal 
group over 0<$ such that d is an endomorphism of F^. We will construct a formal 
group which is a product of one- dimensional Lubin-Tate formal groups, with d(t) an 
endomorphism of G, and hence, by Lemma [2.71 Q = F^. 

Now apply Lemma 12.71 with M = ir^Uj for any 1 < j ' < g. Then dj(tj) G £rt-<pu.p so 
there exists precisely one one-dimensional Lubin-Tate type formal group Gj over 0<$ such 
that dj is an endomorphism of Gj for each 1 < j < g. Let = @ 9 j =1 Gj- Therefore Q is a 
g-dimensional commutative higher dimensional Lubin-Tate formal group. Furthermore, 
d(t) = (c?i(ti), . . . , dg(tg)Y is an endomorphism of Q by construction, and hence Q = Fd- 
By Lemma 12 .7\ we have that T is strictly isomorphic to Q over 0<$. 

(ii) For 1 < j < g, we know that Gj is a one-dimensional Lubin-Tate formal group 
over Crp such that dj(tj) = 4>j(a<$)tj + is an endomorphism of Gj- Following LT65], 
since <j)j(a^) is a uniformizer at ^3, we define an endomorphism [0j(a<p)]^(tj) := dj(tj), 
and for any 7 G 0<p, let [y}g(tj) be the unique power series such that [7] g ■(£■/) = 

Jtj + (d° > 2) and M^gM^M) = [ihM^v))^))- Let m G Z C Op, 
then it is easy to see that multiplication by m coming from the group law on Gj is an 
endomorphism of Gj, which must commute with any endomorphism, so is equivalent to 
the endomorphism [m]g. defined by Lubin-Tate theory. Therefore we have an embedding 
of Z[aqj] into End(^) given by (3 1— > [4>j{(3)]g- for (3 G Z[a»p], since (pjijn) = m for m G Z. 
Furthermore, the map /3 1— > ©f=i[0j(/5)]e j gives an embedding of Z[aqj] into End(£?). 
Since ^3 is a prime of K of degree one over Q by assumption, we have that Z[a«p] is 
of finite index in Ok |Lan83| pg. 88]. Therefore we can extend the above map to an 
embedding of Ok into End(^), where the jacobian of [a\g = diag(0i(w), . . . , 4> g {u)). 

Now, by (i), there is a strict isomorphism between T and G, which we denote by 
(3. Therefore (3 o [a]? o (3~ l is an endomorphism of G for all a G Ok- Since (3 is 
a strict isomorphism, j((3) = is the identity matrix, and hence j((3 o [a]jr o 

(3~ l ) = j((3)j([a]j:)j((3 _1 ) = jQ"].? 7 )- Thus the kernel of [a]^ can be identified with 
the kernel of (3 o [a]? o [3~ l . Since these jacobians are equal, Lemma l2~B1 shows us that 
(3 o [ a ]jr o (3~ l {t) = Nt + (d° > 2), where N = diag(0i(a), . . . , <f> g (a)). Therefore, for 
a G Ok, [ct\g has the same jacobian as (3 o [a]^ o and hence it is easy to see that 
they have the same kernel. Thus we can identify with G[ct] for any a G Ok- 

(iii) By Corollarv l2.bl we know that we can identify A[p n ] with JF[7T™]. By construction 
of the embedding of Ok "—>■ End(G) in (ii), we can identify jF[7r n ] with ^[vr n ]. By 
definition, we have 

Gfr n ] = ker{[vr"] g : G{M) -> G(M)} 

= ker {®UlM* n )h ■ ® 9 j=MM) - ®UG {M)} 
= ©J=i0ifo(O] 
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Indeed, for j ^ i, ord<p0j(7r n ) = 0. Therefore [4>j{^ n )]g- is an automorphism, and hence 

gam**)] = {oy " ^ □ 

Corollary 2.10. Let everything be as in Proposition ^. {A then 

[^ihiiU) = Kiti + Ut\ + 71*0! + p, 

where u is unit in 0<$, a and (3 are power series in ti with lowest terms of degree two 
and 2p respectively. 

Proof. By Proposition 12.91 we know that [a<p]g = ®j = i[4>i{ a ^)]gj ■ By Lemma [23 we 
know that ord<p0j(a<p) = 1, and hence 7Tj = ^(attp)'Uj with Ui a unit in Orp. Then we 
have the following (dropping the Qi in the notation). 

= M([&(a?p)](*i)) 

= ^(Tr^rHi + f ) + (<f > 2)(n i u; 1 t l + tf) 
= mU + Uit\ + (d° > 2)(n i ujH i + 

□ 

3. Division fields 

In this section, we are interested in algebraic properties of the field extensions of K 
generated by adjoining p n -torsion points to K for K and p-torsion from A as in section 
E (Recall that this means that p is a first-degree prime of K.) We will denote the field 
of p n -division values of K by K n = K(A[p n )). 

Proposition 3.1. Let ^ be a prime of K lying over p. 

(i) K n /K is totally ramified at G S , and unramified attytfiS. 

(ii) K n /K is a cyclic extension of degree p 11 ^ 1 (p — 1). 

(iii) Let = 0j(p) for fixed a fixed i with 1 < % < g and let *}3 n be the unique prime 
of K n above *p. Then oxd^J^v) = 1 for any v G A[p n ] \ Alp* 1 ' 1 }. 

Notation. We denote by S n the collection of primes of K n described in (iii). By 
Proposition 5.3 of Lan^HJ and (ii), we fix isomorphisms 

Gal(K n /K) (0 K /p n O K r = (Z/p n Z) x . 

Proof of Proposition [?Q1 For now, fix a prime ^3 = <pi{p) with 1 < % < g. By Proposi- 
tion EH we can identify A[p n ] with ^[^(vr")]. 

On the one hand, if is a prime of K n lying over we can make the following 
identification: 

(K n ) Vn = (K(A[p n ])) Vn = K v (A[p n ]) = K^U^)]). 

Let F = Ky, and F n = K^(Qi[cf)i(7i n )}). Since Qi is a Lubin-Tate formal group, F n /F 
is a totally ramified cyclic extension of degree p n ~ l (p — 1) (see LT65]), and hence 
[K n :K]>p n -\p-l). 
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On the other hand, it is well known that Gal(K n / K) is isomorphic to a subgroup 
of (0 K /p n O K ) x . Since p splits completely, we have that (0 K /p n O K ) x (Z/p n Z) x , 
where the latter is a cyclic group of order p n ^ 1 {p — 1). Therefore [K n : K] < p n ' 1 (p — l). 
This completes the proof of half of (i) and all of (ii). 

For (iii), let A n = U(v) for some v G A[p n ] \ Afp™ -1 ]. Since Qi is a Lubin-Tate 
formal group, F n = F(X n ) and N Fn/F (-X n ) = ^(tt) (see |Neu991 pg. 348]). Note that 
(4>i(n)) = ^pOip, and therefore ordsp^A^ = 1. 

In order to finish (i), let ^3 ^ S and Jrp n be the inertia group of ?P„/^J. Assume 
that *p ramifies in K n , then ^ 1, i.e., there exists a a ^ 1 G Jfp n such that 

<x(a) = a mod for all a G C^ n . Therefore cr(a) = a for a G A[p n ] \ Afp™ -1 ]. Since 
a(a) — a = 6 G A[p n ] \ {O}. Recall that A has good reduction at all primes above 
p, therefore the addition map reduces to a morphism on A HSOO, pg. 271]. Hence 
reduction commutes with addition, and we have that 

O = a(a) — a = a(a) — a = b. 

This says that b is in the kernel of reduction, but this contradicts Lemma 12.51 Thus 
7«p n = 1, and does not ramify as we claimed. □ 

Now we are in a position to determine some of the arithmetic properties of the fields 

K n /K. 

Lemma 3.2. Let < $ 1 G S\ and let x be a non-trivial character on Gal^Kn/Kx) with 
n > 1. Then ordsp 1 f(x) > V- 

Proof. Let x be a non-trivial character on the group Gdl{K n / 'Ki), which is a cyclic 
group of order p n ~ l by Proposition 13.11 For ease of notation, let L x denote the fixed 
field of x- Then L x = K r for some 2 < r < n, and hence f(x) = f{K r /Ki) and 
f(#2/tfi)|f(#r/tfi)- Therefore it is enough to show that f( (^W^OsO = *Pi- 
Once we calculate D((K2)^5 2 /(Ki)^ 1 ), the result follows by applying the conductor- 
discriminant formula (see |Neu99| pg. 534]). 

Let v G A[p 2 ] \A[p], then by Proposition 13.11 ti(v) is a uniformizer at and hence 
®(K 2 ) V = ^{Ki)> Vl [ti( v )}- Let / be a minimum polynomial for ti(v), then 

DdK^JiK^) = N {K2h2/{Klhi (f(U(v)) 

= -W(tfaW(JCi),j 1 ( II (ti(v) - ti(u))) 

u=v+w 
wdA[p\\{0} 

i-r 7 

= n (**(«)- 

u,veA[p 2 ]\A[p] 

Indeed, for each w/iiG A[p 2 ]\A[p], there exists w G A[p]\{0} such that ti(v)—ti(u) = 
ti(u + w) — ti(u) = U(w) + (d° > 2)(ti(u),ti(w)). By Proposition 13.11 ord^t^w) = 1, 
and hence by comparing terms of least valuation we have ordtp^t^f) — ti(u)) = 1. 
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Since (i^2)<p 2 /(-^'i) , Pi is an extension of degree p, the conductor-discriminant formula 
gives us that D((K 2 )^ 2 / (Kx)^) = f((i^ 2 )q3 2 /(iri)sp 1 ) p ~ 1 , and comparing this with (JJJ) 
completes the result. □ 

Proposition 3.3. A has everywhere good reduction over K\. 

Proof. Since A has complex multiplication by Ok, good reduction at all primes lying 
over p, and p splits completely in K, the result follows from slight modification to the 
proof of Theorem 2 of |CW77j (see [Row03j for more details). □ 



4. The tower 

Let h denote the class number of K. Assume that the C^-rank of A(K) is positive. 
Let Q be a point of infinite order of A rational over K such that Q G A(K) \ pA(K), 
where pA(K) = U a£f> [a]A(K) (this set is non-empty since the free part of A(K) is a 
finitely generated module). 

Let m = rh be a positive integer multiple of the class number of K. We have 
that p m = (7) for some 7 G Ok (hence A[p] = A[y]). Let Q rn G A(K) be such 
that [7]Q m = Q. We define L m = K m (Q m ) to be the field of p-division values of Q 
which is independent of the choice of Q m and 7. Then, for 1 < n < m, we define 
L n = K n (U at = p m-n[a}Q m ) to be the field of p n -division values of Q. 
Remarks. 

(1) Since the class number of K is often not one, we cannot define the field of p n - 
division values of Q in the usual way. Therefore we use the fact that Ok is a 
Dedekind domain to note that p m ~ n is generated by two elements of Ok, say 
pm-n _ (q, 1)Q!2 )_ Then it is not hard to see that L n = K n ([ati\Q m ,[a2]Q m ) 
regardless of the choice of generators for p m ~ n . 

(2) This definition is independent of our choice of m. Let mi = r\h and m 2 = r 2 h 
with n < mi < m 2 . We can choose Q m2 recursively so that \^}Q r , 2 h = Q(r 2 -i)h, 
and hence [Y 2 ~ ri }Qm 2 = Q mi . Then p m2 ~ n = p^h-n^-r^h = pmi ~n^r 2 -r^ 
and 



K n {U aepmi - n [a]Q mi ) = K n {U a&pmi -r,[a][^ r2 Tl }Q m2 ) = K n (Up ep m 2 - n \j3]Q 



TT12I 



(3) From now on, we may assume that m is a suitably large, fixed multiple of h. 
Via our isomorphism Ok/P u Ok — 7Ljp nr L, we indentify A[p n ] C A[p] with the 
subgroup p m - n O K /pO K C Ok/pOk- 

Following |Gup85| , we call the fields L n D K n D K the Coates- Wiles tower. It is easy 
to see that L n /K is Galois for all n. Furthermore, G m = Ga\(L m / K) is identifiable 
with a subgroup of 

Hm= Ho *) eGL ^°K/pO K ) 
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The action of a 



(■ 



1 a a 
K 



) 



G G m is given by 




where R,a a G A[p) ^ C x /p and b a G (C^/p) x . 

Since p splits completely and we have complex multiplication, we expect the extension 
L n / K to be "as big as possible" . 

Lemma 4.1. Gal(L m /K m ) = A[p]. 

Proof. We will first show that L\ ^ K\. Let 7 and 7r be as per usual, so that 
p = (7) and ord p 7T = ord p 7r = 1. Then p m ~ x = (7,7r m ~ 1 ), and we have that L\ = 
Ki(h\Qm, [v m - l ]Q m ) = Ktdir™- 1 ^). For r G Gal^/K), we have r([vr m - 1 ]g m ) = 
[K m - l ]Q m + a T with a T G A[p] \ {O}. 

Now assume that L\ = K%, and define the map /(r) = a T . It is clear that this 
defines a 1-cocycle of Gal(L 1 / K) = Gal(Ki/ K) into A[p]. Since A[p] is a p-group, 
H l {Gd\(Ki/ 'K), A[p]) must be ap-group. But Proposition 13 . II shows that \K\ : K] = p— 
1 and |Ser79t pg. 130] shows that iJ 1 (Gal(ii'i/ K), A[p]) is annihilated by multiplication 
by p — 1. Therefore .ff' 1 (Gal(.Ki/.K'), A[p]) = and / must be a coboundary. Thus 
there exists c G A[p] such that /(r) = rc — c for all r G Gal(iTi/iT). Therefore r fixes 
[vr m " 1 ]Q m - c for all r G Gal^/iT), and hence [vr™" 1 ]^ - c G A(iT). By our choice 
of 7r, we must have 7r = £7 with 5 and p relatively prime. But then [vr]([7r m_1 ](5m ~ c ) = 
[x]Qm — [bl]Qm = [<S]Q G A(K), which shows that Q G [p]A(iT). This is a contradiction 
of the choice of Q, and hence L\ 7^ K\. 

Let cr G Gal(L m /i^ m ). Then it is not hard to see that aQ m = Q m + a a with a a G A[p] 
and the map a a a gives us an embedding of GaX(L m / K m ) into A[p] (for more details 
see [Row03 ). Thus the map o 1— > a CT injects Gal(Li/i^i) into A[p]. Since L\jK\ is 
non-trivial, Gal(Li/ Ki) is isomorphic to a non-trivial subgroup of A[p]. But the only 
non-trivial subgroup of A[p] is A[p]. 

Since L\jK\ = A[p], the rest lemma follows by modifying an argument of Lang for 
elliptic curves |Lan78j . □ 

Now we show that, for n = m, L m /K is as big as possible. 

Proposition 4.2. G m = H m . 

Proof. By Proposition 13.11 we have that [K m : K] = p m ~ l (p — 1). By Proposition 5.3 
of |Lan83| . we have that A[p] = K /pO K , and hence #(A[p]) = p. By Galois theory 
and Lemma 14.11 we must have #(G m ) = [L m : K\ = pp m ~ l {j) — 1). By construction 
G m <^-> H m , and a simple calculation shows that #(H m ) = pp m ~ x {j) — 1) = #(G m ). 
Therefore G m = H m . □ 

Notation. Recall that we fixed an isomorphism such that A[p] = Ox/pOx — Z/pZ, 
where A[p m ~ n ] C A[p] corresponds to p n O K /pO K . For a G K /pO K , we say a 
() mod p n if a comes from A[p m " n ]. We will say that (3 = 1 mod p n if /3 G (C^/pO^) x 
acts on A[p n ] C A[p] as the identity automorphism. 
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Since Proposition 14.21 gives us the matrix representation of Gal(L m /K), we can use 
properties of this matrix group to try and determine the representation of its subgroups. 

Proposition 4.3. Gal(L„/ K n ) = A[p n ], and hence L n /K is "as big as possible". 

Proof. It is not hard to see that L n fl K m = K n , and that we have the following isomor- 
phisms: 

G&\(L m /K n ) = {(J;)GGL 2 (Ok/POk) : P = 1 mod p n } (8) 

and 

Gal(L m /L n ) = {(J^)GGL 2 (0 K /pO K ) : a = 0, (5 = 1 mod p"} . (9) 

From equations (jHJ) and (JOJ), we can compute that [L m : K n ] = pp m ~ n and [L m : L n ] = 
J9 2m-2n_ Therefore [L n : K n ] = p ^-nf p 2m-2n =p n_ 

Since A[p n ] is a cyclic group of order p n and [L n : X n ] = p n , we need only show 
that Gal(L n / K n ) is isomorphic to a cyclic group. Since L n fl K m = K n , we have 
Gal(L n / K n ) = Ga\(L n K m / K m ). But the second group is a quotient of the cyclic group 
Gal(L m /K m ), hence it is cyclic. □ 

In order to compute the conductor of L n /K n , we will need to compare calculations 
made up different branches of the Coates- Wiles tower (see Figure |IJ). Moreover, we will 
find the following subextensions of L n /K helpful in our calculations: 



and 



M n := K(U aep m-n[a]Q m ) 
Ki(U aepm -n[a]Q m ) = K\M n for 1 < n < m. 



(10) 




Figure 1 . The Coates- Wiles tower 
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5. The Filtration. 

We may assume that Q G A°(Kq$) for all ^3 G S, since after multiplying Q by a 
suitable integer relatively prime to p this is the case. Let 7r G such that ord p 7r = 
ord p 7T = 1, and recall that p = (7). Then 7r = 7$ with 5 and p relatively prime and 
pm-n = ^ n m-n^ f or 1 < ra < m . Thus we have L n = K n ([ir m - n ]Q m ). 

We are interested in computing f(L n /K n ), and the following lemma shows that 
f(L n /K n ) is only divisible by primes of S n . 

Lemma 5.1. L n /K n is unramified outside of S n . 

Proof. In Lemma 13.31 we showed that A has everywhere good reduction over Ki, and 
hence over K n . It follows easily from Lemma 1231 that L n can only be ramified at primes 
of K n which lie above p (see (ST68J). 

First we will show the result for n = m. Let q ^ S m be a prime of K m above p, 
F = (K m ) q the completion of K m at q, and A°(F) the kernel of reduction mod q. 

Let Q be a prime of K m lying over q, and Iq the inertia group of over q. Then 
Iq acts trivially on Q m if and only if L m is unramified at q. Assume Iq does not act 
trivially, then there exists a / 1 6 Jq such that a{Q m ) and Q m reduce to the same 
element mod q. Therefore a{Q m ) —Q m G A°(F), but a{Q m ) — Q m = a G A[p\. Indeed, 

h](0-(Q m ) - Qm) = v{[l\Qm) - [l\Qm = CT(Q) ~Q = 0, 

where p = (7) with 7 G Ok- By good reduction at q, we know that reduction commutes 
with addition, and hence we have 

O = o-(Q m ) - Q m = o-(Q m ) - Q m = a. 

By Lemma \'2. 51 a = O, and hence a acts trivially on Q m . This contradiction completes 
the case of n — m. For 1 < n < m, let q' ^ S be a prime of K lying over p. Then 
the case of n = m and Proposition 13.11 combine to show us that q does not ramify in 
L m . Therefore q does not ramify in L n C L m , and hence L n /K n is unramified outside 
of S n . □ 

For what follows, it is important to recall that 

(1) *p is a prime of K such that ^3 = <fii(p) with 1 < i < g, where 0j refers to an 
element of the CM type of A, and 

(2) (&(*■)) = (p) = «pOp locally for some vr G O k . 

By Proposition 12.91 we are able to define a filtration of A°(Ky) for G S. Let 
A a (K v ) = A {K V ) and define 

AjiKv) = {Re A°(K V ) : OTdyU(R) > j}; (12) 

so A (Ky) D A 1 (K V ) D A 2 (K V ) D ■ ■ ■ 

Proposition 5.2. Let L be a finite extension of K with prime P lying over ^3 G S and 
let (3 G Ok be relatively prime to p. Then 

(i) [ir]g : Aj(K<$) — > Aj + i(K<g) is an isomorphism for all j > 0. 

(ii) \f3\g : A°(Lp) — > A°(Lp) is an isomorphism. 
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Proof, (i) Proposition 12. 91 shows that Q = @ 9 k=x Gki where Q k is a one-dimensional Lubin- 
Tate formal group. What we have done is to construct a filtration on the ith component 
of this formal group, and by |Ser65j we have an isomorphism on the ith component. Now 
since \n\g = @ 9 k=l [<t>k{^)]g k and ordfp0fc(7r) = for k ^ i, [4>k{.^)}g k is an automorphism of 

fc (*P). Indeed, j{[M^)]) is a unit in <3p for k / *• Since M^v) = = ®l=MV), 

[ir)g is an isomorphism of Aj(Krp) onto Aj +1 (K^). 

(ii) Given j3 G Ok with (3 and p relatively prime, we have \j3\g = ©f =1 
and <pk{0) is a unit in for all 1 < k < g. Then the result follows from a slight 
modification to the proof of Theorem 3 |Ser65[ LG 4.25]. □ 

Notation. Let e<p be the smallest integer such that Q ^ A e ^ (Ktp), e = min<p{e*p}, and 
€ = {<£ G S : e v = e}. 

Let P n be a prime of L n lying over for fixed ^3 G S. Let Q = Qo and choose Q n 
recursively such that [it}Q n = Qn-i- 

Proposition 5.3. Let P n be a prime of L n lying overty n G S n , then 

(L n ) Pn = (K n ) % MQn)). 

Proof. We will first show that (L m )p m = (K m )rp m (Q m ). By definition, we have that 
(L m ) Pm = (K m )<p m (Q m ). Since Q G A°(K^) and [j]Q m = Q, there is some choice of 
Q m G A ((L m )p m ). Since A[p] is in the kernel of reduction, we actually have all choices 
of Q m G A°((L m ) Prn ). By ©, we have that A°((L m ) Pm ) = Q{P m ), where the map is 
given by R f-> t(R) = (ti(R), . . .,t g (R)f. Hence 

{K m )^ m {Qm) = (Km)<Pm(tl(Qm), ■ ■ ■ ,t g (Q m )) 

Note that [7r]Q m = [7]([<5]Qm) = Q, and hence [S]Q m = Q m +a with a G A[p]. Therefore, 
in the formal group, we have that [S)gt(Q m ) = t(Q m + a) = t(Q m ) +g t(a). Since 
t(a) G (K m )p m , we may assume without loss of generality that a = O. Since 6 is 
relatively prime to p, Proposition 15.21 gives us that [5]g is an automorphism , and hence 
invertible. Therefore [S\gt(Q m ) = t(Q), and we have that 

(Km)fp m (tl(Qm), ■ ■ ■ ,tg(Q m )) C (K m )y m (ti (Q m ) , . . . , t g (Q m )) . 

The reverse inclusion then comes from [5 _1 ]gt(<3 m ) = t(Q m ). For 1 < n < m, recall 
that L n = K n ([ir m ~ n }Q m ). As above, we have that 

(L n ) Pn = (K n ) Vn ([rr m - n ]Q m ) = (K n ) Vn ([n m - n }Q m ) = (K n ) Vn (Q n ). 

Finally, recall that [7i n }g = (B 9 k=1 [4>k(^ n )]g k , and [4>k(^ n )]g k is an automorphism on Gkffi) 
for k 7^ i. Hence t k {Q n ) G Gkity) for k ^ i, which shows us that 

□ 

Notation. Since (K n )q$ n (Q n ) = (K n )^ n (ti(Q n )), we will use the notations interchange- 
ably in what follows. 



18 C. ROWE 

Proposition 5.4. Let G S and e«p be as above. Then 

(i) for 1 < n < eqj ; spiiis completely in L n , 

(ii) L e(p / K e „ is ramified over *p e?J , and 

(iii) ^3 eip sp/ris completely in L e „-iK e „. Hence L e „/Le^^iK e ^ is a totally ramified 
extension of degree p over any prime above 

Proof, (i) By the filtration (fT2j) . we see that there is a Q' n G v4 e;p _ n _ 1 (_ft'sp) such that 

M^(Qn) = But Me^Qn) = hence Q n = Q' n + u for some u G A[p n ]. 

Since Q n + u G A((iT n )(p n ), we see that ty n splits completely. Indeed, there exists a 
prime P n of L n lying over <p n such that 

(^n)p„ = {K n )^ n {Qn) = (K n ) Vn (Q' n + u) = (K n )y n (u) = {K n ) Vn . 

(ii) Since p splits completely and we have the formal group decomposition of Propo- 
sition EIHl this follows from a slight modification to Theorem 11 of |CW77j . 

(iii) Let n = e«p. By (i), the decomposition group of Gal(L n _i/_K" n _i) for ^3 n _i is 
trivial. It is not hard to see that Gal(L n _ 1 /i^ n _ 1 ) = GaA(L n _iK n / K n ) . Then the de- 
composition group of Qal{L n -\K n / K n ) for is isomorphic to a trivial group. Indeed, 
these decomposition groups are the Galois groups of the corresponding local extensions. 
Hence ty n splits completely in L n _iK n . □ 

We can reduce the computation of f(L n /K n ) to computing an Artin conductor. If x 
is a character of a subgroup H of Gal(L n /iT), let x* De the corresponding induced char- 
acter on Gal(L n /K), and char(n) = {x G Gal(L n / K n ) : x p " * 7^ 1}> where Gal(L n / K n ) 
denotes the character group of Gal(L n / K n ). The next lemma demonstrates the impor- 
tance of computing f(x) for % G char(ra). 

Lemma 5.5. For any x G char(e) ? f(L e /K e ) = f(x). 

Proof. By definition, x pE 1 7^ 1 for x £ char(e). Hence the fixed field of x-, L x , is not 
contained in K e L e _i, which is an extension of K e of degree p e ~ x . Therefore L x = L e . 
Since f(x) = f(L x /K e ), we are done. □ 

6. Conductor Calculations 

Let (£ be as in the last section and for the rest of this section fix *p G <S. Further, we 
recall that is the unique prime of K n sitting above in K . By Proposition 15.21 and 
(|10p. there exists a prime V of M e _i over ^3 such that 

(M e _!) P = Kqj. 

Let "P e be any prime of L e _iK e lying over P and V\ its restriction to M e _i (see (fTT|) 
to recall the definition of M e _i). By (|12|) and Proposition 15.41 we see that both 

(L e ^K e ) Te = (K e ) Ve and (M e -i) Pl = (#1)^. 

Again by Proposition 15.41 there exists a unique totally ramified prime P e of L e over 
P e such that [(L e )p e : (I e _iif e )pJ = p. Let pi, p be the restrictions of P e to M e and M e 
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(K e ) Ve (Q e ) = (L e ) Pe 

^\ p 

K p (Q e ) = (M e ) p (#i) Pl 

p-i 

Figure 2. The local tower 

respectively. The portion of the Coates- Wiles tower we are interested locally is shown 
in Figure El where it is important to note that all of the extensions are totally ramified. 

As a first step we will compute the conductor of (i^i)fp 1 (Q e ) / (Ki)^, and then use 
this to compute the conductor of (K e )^ e (Q e ) / \K e )^ e . By Proposition E21 we have that 
ord<ptj((5e-i) = 1 and tj(Q e -i) = [ 7l i}g l ti(Qe)- In Corollary 12.101 we saw that 

where a, (3 are power series in ti with terms of lowest degree two and 2p respectively. 
So 

ti(Qe-l) = Wft(*i)(Qe) = TTA(Qe) + + ^a(Qe) + P(Qe)- (13) 

Since (M e ) p /K<p is a totally ramified extension of degree p, ord p t;(<5 e _i) = p. Note 
that ordp7rjtj((5 e ) > p, hence the term on the right-hand side of (fTSj) with least valuation 
at p can only be uti(Q e ) p . Since u is a unit in (9<p, we see that oid p ti{Q e ) = 1, and we 
also have ord pl (Q e ) = p— 1 (since {Kij^i^Q e ) / K<^{Q e ) is a totally ramified extension of 
degree p— 1). Thust;(Q e ) has a pi-adic expansion, ^ i>p _ x a^, with a, G {0, ...,p— 1}, 
a p _i 7^ 0, and 771 a uniformizer at pi. Indeed, Pl /p\0 Pl = Z/pZ, so we can take 
cii G {0, ... ,p — 1}. Therefore we have that 

{K^m/m^ = (K^M/iK,)^. (14) 

Let a j£ t G Gal^Ki^QeVC^i)^), then <rt«(Q e ) = U(Qe + w), rti(Qe) = U{Qe + v) 
for some u ^ v & A[p]. Using the formal group Qi, we see 

ti(Q e + u) - U(Q e + v)= U{u -v) + (d° > 2)(U(Q e + v),U{u - v)). (15) 

By Proposition 13.11 ti{u — v) is a uniformizer at and hence ord Pl ti(u — v ) = p. We 
also have that ord pl ti(Q e +v) — p — 1, because ord p tj(Q e + 1>) = ord p ti(Q e ) = 1 (since 
any choice of Q e will work in piijl ). So by comparing the terms of (|15jl of least valuation 
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at pi we see that 

p = ord pl (ti(Q e + u) - ti(Q e + v)) 

= ord Pl ( ".(Ky-hill) 

i~>p— 1 

i-1 

= ord^^ - n&) £ a, ^(^("Ti)^) (16) 

i>p— 1 i=o 

i-1 

= ord^O^ - T77i) + ord pl ( a, ^((T?7i) J (r77i) l_1 ^). 

i>p— 1 jf=0 

This follows because x n — y n = (x — J/)(X)j=o a?3 'l/ n-1 ~'0- Note that the second term 
on the last line on the right-hand side of (|16J1 has ord Pl > p — 2. Indeed, p — 2 is the 
smallest this valuation can be, since we get at least p — 2 copies of terms with the same 
valuation as r]i in the sum. So (fTBj) implies that 

ord pl (0-771 - nji) < 2. (17) 

Now we are in a position to compute the desired conductor. 

Proposition 6.1. f((K 1 ) ?Pl (Q e )/(K 1 )<p 1 ) = 

Proof. We know that (ifi)^ (Q e ) / (-Ki)<Pi is a totally ramified extension of degree p. Let 
G represent its Galois group, G m the mth ramification group of pi over tyi, and k the 
exact order of <£i dividing £)((ii'i)sp 1 (^/(id)^). Then k = J2 m >o(#( G m) - 1)- Since 
#(G) = p and is totally and wildly ramified, we see that Go = G\ = G. Therefore 
k>2(p- 1) and <pf divides D{{K x )^{Q e )/{K x )^). 

We know from (pPfj) that 7/1 generates (i^i)<p 1 (Q e ). Let / be a minimal polynomial for 
771, and <7, r G G, then 

^((^(QeV^l)^) = ^^/(^^(f (r/x)) 

= ri(^-^)|(^r (p - 1) = ^ (p - 1) - (18) 

Comparing equations (jTSj) and (fTTj) . we have that ord Pl (cr?yi — r^i) = 2, and hence 

^((^i)^ 1 (4)/(^i)< Pl ) = ^ 1) . 

Now let ip be a non-trivial first degree character on G. Recall that G is cyclic of order 
p. Therefore there are p — 1 such characters, and they all have the same conductor, 
i.e., f(ip) = f((ifi)fp 1 (<5e)/(-Ki)<Pi)- The conductor-discriminant formula and the above 
calculation yield: 

= D((Ki) Vl (Q e )/(Ki) Vl ) = f((Ki) Vl (Q e )/(Ki)^r-\ (19) 

The result follows on taking (p — l)th roots of both sides of (|19p. □ 

The following corollary is immediate, and is shown in the proof of the preceding 
proposition. 
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Corollary 6.2. Let ip be a non-trivial first degree character on the Galois group of 
(K 1 )y 1 (Q e )/(K 1 ) Vl ,thenm=¥l 

Figure El begins to illustrate how we will use Prop osit ion 16 . 1 1 and Corollary 16.21 The 
approach is to compute conductors for n = 1, and then to use isomorphisms from field 
theory to lift the results to n = e. It is not hard to see that we have the following 
isomorphism of Galois groups (for more details see jRow03j V. 

Gal((iQ^(Q e )/(iQ«p e ) = Gal((ir 1 ); Pl (g e )/(^i)q Jl ), (20) 

and hence 

Gal((i<: e )<p e (Q e )/(^i)^) = G8l({K e )y e (Q e )/{K e )y e ) x Gal((K e )^J(Ki) Vl ). (21) 

Proposition 6.3. Let if) be any non-trivial first degree character on the Galois group 
of ((K e )?p e (Q e ) I (K e )<p e ) and let ip be the associated character on the Galois group of 
{{K x )^{Q e )/{K x )^) given by flUJ). Then 

ord(p e f(V0 = ord^f^/O. 

Proof. Given Corollary 16 . 21 and Lemma I3~2l this follows almost verbatim from the proof 
of Proposition 5.16 of |Gra88j . □ 

Proof of Theorem^ Let x be a non-trivial first degree character of Gdl(L e / K e ) such 
that x pC 1- By Lemma 1531 we know that f(L e /K e ) = f(x) and f(x) is the product 
of its (local) Artin conductors. Since the only ramification occurs above primes in (B, 
we need only compute their local conductors. Given the assumption on x, we see that 
X is non-trivial when restricted to Gal(L e / L e _iK e ). 

And GaA(L e /L e _iK e ) = Ga\((K e )rp e (Q e )/(K e )^ e ), so we are in a position to apply 
Proposition ^. 31 But Proposition ^. 3l combined with Corollarv l6 .21 gives us the result. □ 

7. Congruence relations on units 

Let e and (£ be as in section |BJ Since e is fixed, we will let F = L e , E = K e , and 
%$i represent the unique totally ramified primes of K e lying over pi of K for 1 < i < g. 
Furthermore, we let ?Pi, . . . , %$ s be the primes of (£. For an ideal m of E, we denote the 
ray class field modulo m by ^(m). 

Proposition 7.1. E(${ • • • %$ 2 )/ E^ity 2 , ■ ■ -*p^) is an extension of degree p. 

Proof. By TheoremlU we know that the extension E{^\ ■ ■ ■ Vfi 2 ) / EiVfiity 2 , ■ ■ ■ ty 2 ) is non- 
trivial. Indeed, F/E has conductor f(L/E) — ty\ ■ ■ ■ ty 2 , so we must have E{ty\ ■ ■ ■ ty 2 ) D 
F and E{^i^\ ■ ■ ■ ty 2 ) 2 F. Since p is odd and of first degree, the result follows from 
an easy application of the snake lemma and class field theory. □ 

Corollary 7.2. The units of E congruent to 1 mod ^Pi^ ' * *^P« are a ^ so congruent to 
lmodqj?---^. 

Remark. Both Gupta and Grant used results similar to Corollary E2] to give congruence 
relations on units. Under our hypotheses, unless #(£) = 1, the best we can do is 
Theorem which gives a congruence relation on an exterior product of units. 



22 C. ROWE 

Lemma 7.3. Fix i with 1 <i < g and let v and w be units of E congruent to 1 mod 
Then there exist relatively prime integers a, b such that v a w b = 1 mod ^ 2 . 

Proof. By the Chinese remainder theorem, we can choose 7r G Oe to be a uniformizer 
at Let v,w have the following *}3j-adic expansions: v = 1 + a7Tj mod ^Jf and 
io = 1 + /57Tj mod . Since Ntyi = p, we may choose a, (3 G {0, . . . , p — 1}. We see that 
v a w b = 1 + (era + /%)7Tj mod ?P?. So by putting a = /3/gcd(a, /3) and 6 = — a/gcd(a, /?), 
we have (a, b) = 1 and t> a ur = 1 mod ^Jf . □ 

Lemma 7.4. Lei t> , w be units of E such that v,w = 1 mod ^ and t> a w fe = 1 mod Vfif 
for some relatively prime integers a, b. Then vAw = v a w b Av c w d = 1 Af c w d = 1 mod Vfi 2 , 
where c,d G Z are snc/j taat ad — be = 1. Taai is, v Aw = v' Aw' with v', w' units such 
that v' = 1 mod *P 4 2 , -a/ = 1 mod 

Proof. Since (a, 6) = 1, there exist integers such that af + bg = 1. Let d = f and 
c = —a. By properties of exterior products, v Aw = {ad — 6c) (v A iu) = f a w b A v c w d = 
1 A u c to d mod □ 

With this result, we are now in a position to complete the prooof of the theorem. 

Proof of Theorem^ Note that if s — 1 then the result is trivial. We will apply the 
Lemma 17.41 repeatedly for the primes tyi with 2 < i < s. Starting with *p 2) we apply 
Lemma 17.41 as many as s — 1 times. Then 

U\ A • • • A u s = u x A • • • A u s , 

where u[, . . . , u' s _ x = 1 m °d ^Pi^P 2 ;^ • * ' ^Ps an d u' s = 1 mod ty\ ■ ■ ■ *|} s . So if we do this 
recursively, we get u% A • • • A u s — u[ s ~^ A ■ ■ ■ A where 

u[ s ~ 1] = 1 mod • • - <$ 2 S 



w^^lmod ^^3...^ 

Eimod «Pi«p 2 ---qj s . 

Now by Corollary O = 1 mod • • • Vl- Tllus «i A • • • A « s = 1 A u { °~ l) A ■ • ■ A 

wi s-1) = 1 mod y>\y>l ■ ■ ■ *p2 as desired. □ 

Corollary 7.5. Lei «i, . . . , u g be units of E congruent to 1 mod ^Pi ■ ■ ■ tyg, then 

u x A • • • A u g = 1 mod • • • qjj. 

Proof. Let Ui, . . . ,u g = 1 mod ^Pi • • • ^P 9 . By repeated application of Lemma 17.41 we 
can construct 

Ui A • • • A u g — u\ A • • • A Ug, 
where Ui, . . . , u s = 1 mod ^Pi ■ ■ ■ ?p s ^P;? +1 ■ • ■ ty 2 . The result follows from applying The- 
orem El to Ui, u s . □ 
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